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ABSTRACT 
A s t a t i s t i c a l  model of t h e  moon's s u r f a c e  roughness  
i s  used  i n  an a t t e m p t  t o  e x p l a i n  t h e  d e v i a t i o n s  o f  t h e  o b s e r v e d  
g r o s s  i n f r a - r e d  t h e r m a l  e m i s s i v e  p r o p e r t i e s  of  t h e  moon from 
t h o s e  c h a r a c t e r i z i n g  a smooth Lambert ian s u r f a c e .  Comparison 
of t h e o r y  and exper iment  s u g g e s t s  t h a t  t h e  thermal  b r i g h t n e s s  
v a r i a t i o n  a c r o s s  t h e  f u l l  moon d i s c  i s  a f f e c t e d  b y  l a r g e  s c a l e  
r e l i e f  o f  rms s l o p e  10-20°.  The method r e q u i r e s  development o f  
a s e l f  shadowing t h e o r y  of random rough s u r f a c e s  which may b e  
u s e d ,  i n  a d i f f e r e n t  c o n t e x t ,  t o  d e t e r m i n e  l o c a l  r m s  s u r f a c e  
s l o p e  from t h e  amount of  shadow v i s i b l e  i n  a moon pho tograph .  
It i s  s u g g e s t e d  t h a t  t h i s  t e c h n i q u e  may be p a r t i c u l a r l y  u s e f u l  
i n  t h e  r a p i d  a n a l y s i s  o f  Lunar  O r b i t e r  photography.  A n a l y s i s  
o f  an earth-based photograph  of a t y p i c a l  h i g h l a n d  r e g i o n  y i e l d s  
g o  f o r  t h e  r m s  s l o p e  o f  l a r g e  s c a l e  roughness .  
deduced a g r e e  w i t h  t h o s e  found i n  radar s t u d i e s  o f  t h e  moon. 
The r m s  s l o p e s  
BELLCOMM, INC. 
LUNAR SURFACE ROUGHNESS, SHADOWING AND THERMAL EMISSION 
I N T R O D U C T I O N  
The s u r f a c e  o f  t h e  moon i s  rough,  b o t h  m i c r o s c o p i c a l l y  
as deduced from p h o t o m e t r i c  s t u d i e s  [ H o p f i e l d ,  19661 and on t h e  
l a r g e  s c a l e  as o b s e r v e d  t h r o u g h  t e l e s c o p e s ,  and v a r i o u s  t h e o r e t -  
i c a l  models have been  c o n s t r u c t e d  t o  i n c o r p o r a t e  t h e  e f f e c t  o f  
s u r f a c e  roughness  i n  t h e  i n t e r p r e t a t i o n  o f  l u n a r  remote  s e n s i n g  
e x p e r i m e n t s .  A s t a t i s t i c a l  d e s c r i p t i o n  o f  t h e  s u r f a c e  i n  terms 
of a d e n s i t y  f u n c t i o n  of h e i g h t  d e v i a t i o n s  from a mean s p h e r i c a l  
moon has been p a r t i c u l a r l y  u s e f u l  i n  an  u n d e r s t a n d i n g  o f  t h e  
l u n a r  radar  b a c k s c a t t e r i n g  p r o p e r t i e s  [Hagfo r s ,  1 9 6 4 1 .  An 
a t t e m p t  i s  made i n  t h i s  p a p e r  t o  e x t e n d  t h e  u s e  o f  t h e  s t a t i s t i -  
c a l  model t o  examine t h e  e f f e c t  o f  s u r f a c e  roughness  on t h e  
o v e r a l l  e m i s s i o n  o f  thermal r a d i a t i o n  and t h e  c a s t i n g  o f  shadows 
i n  s u n l i g h t .  
The model d e s c r i b e s  t h e  moon as a smooth s p h e r e  upon 
which are  super imposed  p o s i t i v e  and n e g a t i v e  u n d u l a t i o n s  o f  
h e i g h t  g e n e r a t e d  by a s t a t i o n a r y  random p r o c e s s .  L o c a l l y  t h e  
u n d e r l y i n g  s u r f a c e  may be c o n s i d e r e d  p l a n e ,  c o i n c i d i n g  w i t h  t h e  
z=O p l a n e  o f  a C a r t e s i a n  c o o r d i n a t e  sys t em.  The d e n s i t y  o f  
s u r f a c e  h e i g h t  d e v i a t i o n s  ( 5 )  from t h e  mean p l a n e  i n  t h e  z 
d i r e c t i o n  i s  d e s c r i b e d  by a con t inuous  p r o b a b i l i t y  f u n c t i o n  
Pl(E), o f  z e r o  mean, chosen  t o  be  Gauss ian  f o r  c o m p u t a t i o n a l  
ease ,  where t h e  p r o b a b i l i t y  of f i n d i n g  a h e i g h t  d e v i a t i o n  w i t h i n  
t h e  r a n g e  Ag about  6 i s :  
and  u i s  t h e  r o o t  mean s q u a r e  h e i g h t  d e v i a t i o n .  The h o r i z o n t a l  
s c a l e  o f  t h e  r e l i e f  i s  c o n t a i n e d  w i t h i n  a n  a u t o c o r r e l a t i o n  
f u n c t i o n  p ( r ) ,  d e f i n e d  by: 
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where R and r are v e c t o r s  l y i n g  i n  t h e  mean p l a n e  and t h e  
a v e r a g e  i s  t a k e n  o v e r  a l l  R .  p ( r )  i s  independen t  o f  t h e  d i r e c -  
t i o n  o f  r f o r  an  i s o t r o p i c - s u r f a c e .  H ighe r  d i m e n s i o n a l  d e n s i t y  
f u n c t i o n s  and t h e i r  a p p r o p r i a t e  c o r r e l a t i o n  m a t r i c e s  may b e  
d e r i v e d  from t h e  a u t o c o r r e l a t i o n  f u n c t i o n  p ( r )  [Middle ton ,  1 9 6 0 3 .  
I n  p a r t i c u l a r ,  t h e  j o i n t  d e n s i t y  f u n c t i o n  o f  s u r f a c e  s l o p e s  
p ( = 2 z / a x )  and q ( = a z / a y )  f o r  t h e  Gauss ian  s u r f a c e  d e s c r i b e d  by 
e q u a t i o n  1 i s :  
2 where w , t h e  mean s q u a r e  s u r f a c e  s l o p e ,  i s  [ - p " ( O ) ] ,  t h e  p r imes  
d e n o t i n g  doub le  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  r .  
Each i n f i n i t e s i m a l  e lement  o f  t h e  s u r f a c e  can  a b s o r b ,  
r e f l e c t  and e m i t  r a d i a t i o n ,  and p o s s i b l y  shadow i t s  f e l l o w s ,  and 
t h e  b e h a v i o r  o f  t h e  s u r f a c e  as  a whole i s  t h e  summation o f  
e l e m e n t a l  c o n t r i b u t i o n s .  
SHADOWING THEORY 
Geomet r i ca l  se l f - shadowing o f  t h e  s u r f a c e  p r e s e n t s  t h e  
g r e a t e s t  a n a l y t i c a l  d i f f i c u l t y  and w i l l  be  d i s c u s s e d  f i r s t ,  w i t h  
an  approach  e s s e n t i a l l y  s i m i l a r  to t h a t  used  i n  a r e c e n t  p a p e r  
b y  Wagner [1966] ,  s u g g e s t e d  by Beckmann [ 1965 ] .  The problem i s  
t h e  f o l l o w i n g :  what i s  t h e  p r o b a b i l i t y  S ( S o ,  p,, q , ,  0 )  t h a t  a 
p o i n t  F on a random rough s u r f a c e ,  o f  g i v e n  h e i g h t  5 ,  above t h e  
mean p l a n e  and w i t h  l o c a l  s l o p e s  p,, q, w i l l  n o t  l i e  i n  shadow 
when t h e  s u r f a c e  i s  i l l u m i n a t e d  w i t h  a p a r a l l e l  beam o f  r a d i a t i o n  
a t  an  a n g l e  o f  i n c i d e n c e  0 t o  t h e  mean p l a n e ?  F i g u r e  1 i l l u s -  
t ra tes  a s e c t i o n  t h r o u g h  t h e  s u r f a c e .  The o r i g i n  o f  c o o r d i n a t e s  
i s  t a k e n  i n  t h e  mean p l a n e  below F and t h e  a x e s  o r i e n t e d  w i t h  t h e  
incoming beam l y i n g  i n  t h e  x=O p l a n e .  Only pa r t s  o f  t h e  s u r f a c e  
i n  t h i s  p l a n e  to t h e  r i g h t  o f  F can  shadow F, and S ( s o ,  po ,  q o ,  e ) ,  
or S ( F , e )  f o r  s h o r t ,  i s  e q u i v a l e n t  t o  t h e  p r o b a b i l i t y  t h a t  no 
p a r t  o f  t h e  s u r f a c e  t o  t h e  r i g h t  o f  F w i l l  i n t e r s e c t  t h e  r a y  FS. 
T h i s  i n  t u r n ,  may be  w r i t t e n  as t h e  l i m i t :  
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where s ( F , e , ~ )  i s  t h e  p r o b a b i l i t y  t h a t  no p a r t  o f  t h e  s u r f a c e  
between y=O and y = ~  w i l l  i n t e r s e c t  t h e  r a y  FS. A d i f f e r e n t i a l  
e q u a t i o n  for S ( F , e , T )  may b e  deve loped  t h u s :  
where now Q ( A T I F , ~ , T )  i s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  
s u r f a c e  w i l l  n o t  i n t e r s e c t  FS i n  t h e  i n t e r v a l  A T  g i v e n  t h a t  i t  
does n o t  i n  t h e  i n t e r v a l  T .  Turn ing  t h i s  a round and suppres -  
s i n g  t h e  f u n c t i o n a l  dependence upon F,8: 
where g ( - r ) A T  i s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  s u r f a c e  i n  
A T  w i l l  i n t e r s e c t  t h e  r a y  FS g i v e n  t h a t  i t  does  n o t  i n  t h e  
i n t e r v a l  T .  E q u a t i o n  5 now becomes, a g a i n  s u p p r e s s i n g  e x p l i c i t  
F and 8 dependence :  
Expanding S ( T + A T )  about  T i n  a T a y l o r  S e r i e s  to f i r s t  
o r d e r  i n  A T  leads to t h e  d i f f e r e n t i a l  e q u a t i o n :  
which may be  i n t e g r a t e d  to y i e l d :  
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S ( 0 )  w i l l  c l e a r l y  be u n i t y  i f  qo i s  less  t h a n  c o t  0 and z e r o  
o t h e r w i s e ,  s o  S(0) = h ( p - q o ) ,  where h i s  t h e  u n i t  s t e p  f u n c t i o n  
and p=co t  e .  Equa t ion  4 now becomes: 
The hear t  of  t h e  task  l i e s  i n  t h e  e v a l u a t i o n  o f  g ( T )  
and  t h e  subsequen t  i n t e g r a t i o n  o v e r  T .  I n s t e a d  o f  a n  a t t e m p t  
a t  a comple te  a n a l y s i s  g ( T )  w i l l  b e  approximated  by r e p l a c i n g  
g ( . r ) A T  w i t h  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  F w i l l  be shadowed 
by  t h e  s u r f a c e  i n  A T  g i v e n  t h a t  i t  i s  n o t  shadowed by  t h e  s u r -  
f a c e  a t  Y = T .  ( T h i s  a v o i d s  t h e  d i f f i c u l t y  o f  i n c l u d i n g  t h e  
e f f e c t s  o f  c o r r e l a t i o n  between p o i n t s  on t h e  s u r f a c e  i n  A T  and 
t h e  i n f i n i t y  o f  p o i n t s  i n  T . )  
I f  t h e  s u r f a c e  a t  T does  n o t  shadow F, 
s y m b o l i c a l l y  d e n o t e d  as c i r cums tance  a. 
If t h e  s u r f a c e  i n  A T  does shadow F ,  and q 3 q ( T ) ,  
t h a t  i s :  G ( T )  must l i e  i n  t h e  i n t e r v a l  (q-p)AT below 5, + U T ,  
and  q > p, d e n o t e d  as c i r cums tance  @. g(T)AT i s  j u s t  t h e  con- 
d i t i o n a l  p r o b a b i l i t y  t h a t  @ w i l l  o c c u r  g i v e n  a, o r :  
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A w e l l  known r e l a t i o n s h i p  i n  p r o b a b i l i t y  t h e o r y  l i n k s  P ( B l a )  
w i t h  P ( a , B )  and P(cx) ,  r e s p e c t i v e l y ,  t h e  p r o b a b i l i t y  o f  a and B 
o c c u r r i n g  i n d e p e n d e n t l y  and t h e  p r o b a b i l i t y  o f  ~1 o c c u r r i n g  by 
i t s e l f :  
t h e r e f o r e ,  
If  P 3 ( < , q 1 F , 1 )  i s  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  o f  5 and q a t  y = ~  c o n d i t i o n a l  upon g i v e n  h e i g h t  and 
s l o p e s  a t  F, t h e n  from t h e  meaning o f  c i r c u m s t a n c e s  cx and B ,  
e q u a t i o n s  11 and 1 2 ,  
and  
and  s o  
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where t h e  r e n o r m a l i z a t i o n  e f f e c t e d  by t h e  denominztor  a l l o w s  
f o r  t h e  c o n d i t i o n  t h a t  C(T) i s  known to be < 5 t PT. 
0 - 
With  known d i s t r i b u t i o n  and a u t o c o r r e l a t i o n  f u n c t i o n s  
t h e  i n t e g r a l s  i n  e q u a t i o n  1 8  may b e  e v a l u a t e d  i n  f u l l ,  b u t  t h i s  
i s  a t e d i o u s  p r o c e s s  and n o t  i l l u m i n a t i n g .  Grea t  s i m p l i c i t y  i s  
g a i n e d  by n e g l e c t i n g  c o r r e l a t i o n  between t h e  h e i g h t  and s l o p e s  
a t  F and t h o s e  a t  y = ~ .  
t h i s  c a s e  r e d u c e s  t o  a p r o d u c t  o f  s i m p l e  Gauss ian  f u n c t i o n s :  
The c o n d i t i o n a l  d e n s i t y  f u n c t i o n  i n  
and w i t h i n  t h i s  a p p r o x i m a t i o n  e q u a t i o n  1 8  becomes: 
( C 0 + P d  2 
- 
2 
1’2 ~ ( p )  e 2, - lI(2lT) 
E 0 + P T  
g ( d  - L 2  - e r f c l  fi, I ]  
where e r f c  i s  t h e  e r r o r  f u n c t i o n  complement and: 
The i n t e g r a t i o n  o v e r  T ( e q u a t i o n  10) i s  now s imple  and leads 
to: 
Two f u r t h e r  d i s t r i b u t i o n s  may be deduced from S ( F , B ) :  t h e  
p r o b a b i l i t y  o f  F n o t  b e i n g  shadowed, i ndependen t  o f  S o ,  which 
i s :  
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and t h e  p r o b a b i l i t y  t ha t  a p o i n t  on t h e  s u r f a c e  w i l l  n o t  b e  
shadowed, i ndependen t  o f  h e i g h t  and s l o p e ,  S ( 8 ) :  
The e x p r e s s i o n  f o r  S ( e )  i s  compared i n  F i g u r e  2 w i t h  
t h a t  d e r i v e d  by Brockelman and Hagfors  [ I 9 6 6 1  from a computer  
s i m u l a t i o n  of  a n  i l l u m i n a t e d  Gauss ian  random rough s u r f a c e ;  
good agreement  i s  a c h i e v e d  between p r e s e n t  t h e o r y  and ' e x p e r i -  
men t ' .  Wagner [ 1 9 6 6 ]  does  n o t  use  t h e  d e v i c e  o f  r e n o r m a l i z a -  
t i o n ,  e q u a t i o n  18 ,  and  i n s t e a d  i n c l u d e s  c o r r e l a t i o n  d i r e c t l y  
i n  t h e  form of a Gauss i an  a u t o c o r r e l a t i o n  f u n c t i o n  to e v a l u a t e  
t h e  c o n d i t i o n a l  p r o b a b i l i t y  f u n c t i o n  P ( < , q l F , - c ) .  H e  i s  f o r c e d  
to approximate  t h e  i n t e g r a l  ove r  T, e q u a t i o n  1 0 ,  and a t  t h e  
expense  of  a n a l y t i c a l  complexi ty  i n  f a c t  g a i n s  a c l o s e r  a g r e e -  
ment w i t h  t h e  s i m u l a t i o n .  E q u a t i o n  2 4  p r o v i d e s  an a d e q u a t e  
a p p r o x i m a t i o n  f o r  t h e  p r e s e n t  pu rpose ,  and as w i l l  b e  s e e n  
l a t e r  c o n t a i n s  a n  advan tage  i n  s a t i s f y i n g  a s e l f - c o n s i s t e n c y  
c o n d i t i o n .  R e c a l l i n g  t h e  s a l i e n t  r e s u l t  o f  shadowing t h e o r y  
which w i l l  be  needed s u b s e q u e n t l y :  t h e  p r o b a b i l i t y  t h a t  a 
p o i n t  o n  t h e  s u r f a c e  w i t h  l o c a l  s l o p e s  p , q  w i l l  be  i l l u m i n a t e d  
b y  a beam of i n c i d e n c e  a n g l e  e i s :  
3 
where t h e  s u b s c r i p t s  have been dropped  from p and q .  
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A measurement o f  t h e  f r a c t i o n  o f  a rough s u r f a c e  
v i s i b l y  i l l u m i n a t e d  y i e l d s  S(0) d i r e c t l y  ana  would p r o v i d e  a n  
e x p e r i m e n t a l  means o f  i n v e s t i g a t i n g  t h e  s t a t i s t i c a l  p a r a m e t e r s  
o f  t h e  s u r f a c e ;  i n  t h e  c a s e  of  a Gauss ian  s u r f a c e  i t  would 
a l l o w  a d e t e r m i n a t i o n  o f  t h e  r m s  s l o p e .  To e x p l a i n  t h e  method 
shadowing t h e o r y  must be developed f u r t h e r .  F i g u r e  3a i l l u s -  
t r a t e s  a s e c t i o n  o f  a rough s u r f a c e  i l l u m i n a t e d  from t h e  r i g h t .  
6 A  i s  a s u r f a c e  e lement  a t  F w i t h  l o c a l  normal  FN; F V  i s  normal  
to t h e  mean p l a n e  and FS i s  t h e  i l l u m i n a t i n g  r a y .  FK i s  t h e  
d i r e c t i o n  t o  a d i s t a n t  o b s e r v e r ,  and  f o r  s i m p l i c i t y  i t  w i l l  be  
assumed t h a t  FK l i e s  i n  t h e  p l a n e  o f  i l l u m i n a t i o n ,  d e f i n e d  as 
t h a t  p l a n e  c o n t a i n i n g  FV and FS. The  v i s i b l y  i l l u m i n a t e d  a r e a  
of  t h e  whole s u r f a c e  p r o j e c t e d  onto  t h e  p l a n e  p e r p e n d i c u l a r  to 
t h e  d i r e c t i o n  o f  view i s :  
A 
cos  KFN 
c o s  VFN 
d A  J ( p , q , B , + )  C O S  K i N  = fl dxdy J ( p , q , e , $ )  - ,. 
mean 
p l a n e  
s u r f a c e  
where p , q  a re  t h e  l o c a l  s l o p e s  a t  F and where J i s  a f u n c t i o n  
h a v i n g  t h e  v a l u e  u n i t y  if 6 A  can be  s e e n  to be i l l u m i n a t e d  and 
z e r o  o t h e r w i s e .  I n t e g r a t i o n  ove r  a l a r g e  a r e a  A i n  t h e  mean 
p l a n e  i s  e q u i v a l e n t  to t a k i n g  a n  a v e r a g e  o v e r  t h e  d i s t r i b u t i o n  
o f  i l l u m i n a t e d  f a c e t s  ( i n v o k i n g  t h e  e r g o d i c  theorem)  and s o :  
0 
a r e a  
W 
/- n 
, __ I - m  
= f A o  cos  + ( 2 7 )  
where f i s  t h e  f r a c t i o n  of  t h e  t o t a l  p r o j e c t e d  a r e a  i l l u m i n a t e d  
and  T ( p , q , e , + )  i s  t h e  p r o b a b i l i t y  t h a t  a p o i n t  w i t h  s l o p e s  p , q  
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w i l l  n o t  b e  shadowed f o r  e i t h e r  of  t h e  r a y  d i r e c t i o n s  FS or FK. 
It i s  n e c e s s a r y  t o  c o n s i d e r  t h r e e  d i s t i n c t  r a n g e s  o f  $,  and t h e  
s i g n  c o n v e n t i o n  w i l l  be  used  i n  which a n g l e s  measured toward  
t h e  s o u r c e  o f  i l l u m i n a t i o n  a re  t o  b e  p o s i t i v e .  
The j o i n t  p r o b a b i l i t y  T may be decomposed i n t o  t h e  
p r o d u c t  o f  a c o n d i t i o n a l  and a j o i n t  p r o b a b i l i t y :  
where T ( p , q , e ,  I $ )  i s  t h e  p r o b a b i l i t y  t h a t  t h e  s u r f a c e  does  n o t  
o b s t r u c t  t h e  r a y  FS g i v e n  t h a t  i t  does  not o b s t r u c t  FK, and 
T ' ( p , q , $ )  i s  t h e  p r o b a b i l i t y  t h a t  t h e  s u r f a c e  does  not o b s t r u c t  
FK. T i s  n e c e s s a r i l y  e q u a l  to u n i t y  i f  @ > e ,  and T'' s imply  
S ( q ,  $ )  ; t h u s :  
where 
An argument e x a c t l y  p a r a l l e l  t o  ( a )  i n  which t h e  
r o l e s  o f  e and  9 are  i n t e r c h a n g e d  l e a d s  to: 
where ,  as b e f o r e ,  1-1 = c o t  e .  
BELLCOMM, INC. - 10 - 
( c )  ($ < 0 
I n  t h i s  c a s e  i t  may be assumed to a good approx ima t ion  
t h a t  t h e  shadowing f u n c t i o n s  f o r  8 and $ are  i n d e p e n d e n t ,  t h e n  T 
decomposes i n t o  t h e  p r o d u c t :  
Using ( a ) ,  ( b )  or ( c )  t h e  i n t e g r a l  i n  e q u a t i o n  2 7  may 
b e  e v a l u a t e d  and f o r  c a s e s  ( b )  and  ( c )  i t  y i e l d s :  
( b )  f = s (e>  (1 - P / U )  + p / U  (32) 
or 
I f  t h e  o b s e r v e r  views t h e  s u r f a c e  away from g r a z i n g  a n g l e ,  
(u w ) ,  G ( L )  i s  c l o s e  to u n i t y  and  e q u a t i o n  34 becomes: 
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( a  r e s u l t  o f  s imi l a r  form t o  e q u a t i o n  32  which c o u l d  e q u a l l y  
w e l l  have been deduced by r e p l a c i n g  S ( q , @ )  by  u n i t y  i n  t h e  
e x p r e s s i o n  for T ( p , q , e , @ ) ,  e q u a t i o n  31), and: 
s (e)  = 
where t h e  s i g n  change reflect-s t h e  s e n s e  o f  t h e  a n g l e  o f  
o b s e r v a t i o n .  I f ,  as w e l l ,  f v  > >  p, i . e . ,  < <  e ,  b o t h  
e x p r e s s i o n s  r educe  t o  t h e  s i m p l e  form 
f S ( e )  (37) 
If e = @ ,  t h e n  e q u a t i o n  3 2  r e d u c e s  t o  f = l ,  demonstra-  
t i n g  t h a t :  
A 
dA J ( p , q , e , O )  cos  K F N  = A. cos  e ( 3 8 )  
s u r f a c e  
which e x p r e s s e s  t h e  s e l f c o n s i s t e n c y  c o n d i t i o n  mentioned e a r l i e r ,  
t h a t  t h e  v i s i b l e  area of  a rough s u r f a c e  p r o j e c t e d  o n t o  t h e  
p l a n e  p e r p e n d i c u l a r  to t h e  d i r e c t i o n  o f  view i s  independen t  o f  
t h e  roughness  and e q u a l  t o  t h e  p r o j e c t e d  area o f  t he  u n d e r l y i n g  
mean p l a n e ,  as i n d e e d  i t  must be.  Here l i e s  t h e  advan tage  o f  
e q u a t i o n  2 5  o v e r  t h e  e q u i v a l e n t  e x p r e s s i o n  o f  Wagner [1966]. 
With t h e  form o f  S ( q , e )  d e r i v e d  i n  t h i s  p a p e r  e q u a t i o n  38 i s  
s a t i s f i e d  i d e n t i c a l l y ,  n o t  a p p r o x i m a t e l y .  The se l f  c o n s i s t e n c y  
c o n d i t i o n  a l s o  e n s u r e s  t h a t  f = l  f o r  @ > e ,  ( c a s e  ( a ) ) .  
The c o n d i t i o n  imposed upon t h e  o r i e n t a t i o n  o f  t h e  
d i r e c t i o n  o f  view i n  t h e  p l a n e  o f  i l l u m i n a t i o n  may be  r e l a x e d  
a t  t h e  c o s t  o f  g r e a t e r  c a r e  i n  t h e  a n a l y s i s  o f  t he  j o i n t  prob-  
a b i l i t y  f u n c t i o n  T ( p , q , e , $ ) .  Bere a t t e n t i o n  w i l l  be r e s t r i c t e d  
to t h e  reg ime where e q u a t i o n s  33 and 36 a r e  v a l i d .  On t h e  moon 
t h i s  l i m i t s  o b s e r v a t i o n  t o  t h e  e q u a t o r i a l  r e g i o n  and a measure- 
ment o f  t h e  shadows c a s t  i n  s u n l i g h t  a l l o w s ,  w i t h i n  t h e  model, 
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a d i r e c t  d e t e r m i n a t i o n  o f  t h e  r m s  s l o p e  o f  l o c a l  s u r f a c e  rough-  
n e s s  on t h e  s c a l e  o f  r e s o l u t i o n  o f  t h e  pho tographs  used .  S ( 0 ) -  
c a l c u l a t e d  a c c o r d i n g  to e q u a t i o n s  33 and 36 from measurements 
o f  t h e  p r o p o r t i o n  o f  area shadowed i n  a t l a s  pho tographs  [Kopal,  
19651 o f  a h i g h l a n d  a r e a  n o r t h  of  J u l i u s  Caesar c r a t e r  [ 1 5 O E ,  
5 O N ] ,  i s  d i s p l a y e d  i n  F i g u r e  4 ,  w i t h  t h e o r e t i c a l  c u r v e s  c a l c u -  
l a t e d  f o r  v a r i o u s  v a l u e s  o f  t h e  r m s  s l o p e  w .  S t a t i s t i c a l  
u r i i formi ty  of  t h e  s u r f a c e  a c r o s s  t h e  r e g i o n  examined 
( Q  1 8 0  x 1 8 0  km ) was assumed and t h e  e f f e c t  o f  v a r y i n g  sun  
a n g l e  deduced from d i f f e r e n t  n o r t h - s o u t h  s t r i p s  o f  t h e  same 
pho tograph .  I n c l u d e d  i n  t h e  d iagram i s  a p o i n t  t a k e n  from a 
shadow a n a l y s i s  i n  a h i g h l a n d  r e g i o n  n e a r  t h e  c r a t e r  Arge lande r  
[5OE, 15OS] made i n  a d i f f e r e n t  c o n n e c t i o n  by Watson, e t  a1  
[ 1 9 6 1 ] .  Comparison w i t h  t h e o r y  s u g g e s t s  an r m s  s l o p e  o f  Q g o ,  
which if t y p i c a l  o f  l a r g e  pa r t s  of t h e  moon compares w e l l  w i t h  
t h e  v a l u e  of  ?I loo deduced from radar s t u d i e s  [Evans and 
H a g f o r s ,  19663 f o r  s t r u c t u r e  o f  g r e a t e r  t h a n  meter s c a l e .  
2 
While o f  i n t e r e s t  i n  c o n n e c t i o n  w i t h  earth-based 
l u n a r  p h o t o g r a p h i c  s t u d i e s  i t  i s  s u g g e s t e d  t h a t  shadow a n a l y s i s  
may b e  u s e f u l  a l s o  i n  e s t i m a t i n g  meter s c a l e  s u r f a c e  roughness  
f rom h i g h  r e s o l u t i o n  Lunar  O r b i t e r  photography which would p ro -  
v i d e  a means f o r  t h e  r a p i d  s c r e e n i n g  o f  pho tographs  d u r i n g  t h e  
p r o c e s s  of  s e l e c t i o n  o f  a s i t e  for an Apol lo  l a n d i n g .  
INFRA-RED EMISSION STUDIES 
Obse rve r s  o f  t h e  i n f r a - r e d  e m i s s i o n  o f  t h e  moon have 
n o t i c e d  two phenomena which a r e  c o n v e n t i o n a l l y  a t t r i b u t e d  to 
s u r f a c e  roughness .  P e t t i t  and Nicholson  [ 1 9 3 0 ]  and ,  more 
r e c e n t l y ,  I n g r a o ,  Young and Linsky [1966] obse rved  t h e  change 
o f  i n f r a - r e d  b r i g h t n e s s  a c r o s s  the  e q u a t o r i a l  b e l t  o f  t h e  f u l l  
moon d i s c  and found t h a t  t h e  b r i g h t n e s s  d e c r e a s e d  more s lowly  
t h a n  t h e  c o s i n e  o f  t h e  a n g l e  o f  o b s e r v a t i o n  which would be  ex-  
p e c t e d  f o r  a s p h e r i c a l  Lambert ian s u r f a c e .  S i n t o n  [1962] who 
measured t h e  b r i g h t n e s s  o f  t h e  s u b s o l a r  p o i n t  o v e r  a l u n a t i o n  
n o t i c e d  an a n g u l a r  dependence of t h e  b r i g h t n e s s  no t  g i v e n  by  a 
s p h e r i c a l  Lamber t ian  s u r f a c e .  An a t t e m p t  w i l l  be  made to 
i n t e r p r e t  b o t h  t hese  o b s e r v a t i o n s  i n  terms o f  s u r f a c e  roughness  
o f  a s c a l e  below t h e  r e s o l u t i o n  o f  t h e  d e t e c t o r .  
Each s u r f a c e  e lement  o f  t h e  rough moon i s  assumed to 
be  a p e r f e c t  Lamber t ian  e m i t t e r  o f  thermal r a d i a t i o n  a t  t h e  
wave leng ths  concerned .  Heat f l o w  th rough  t h e  s u r f a c e  i s  neg- 
l e c t e d  ( a  good a p p r o x i m a t i o n  d u r i n g  t h e  l u n a r  d a y )  and ene rgy  
b a l a n c e  f o r  t h e  s u r f a c e  e lement  used  t o  e q u a t e  abso rbed  sun- 
l i g h t  w i t h  r ad ia t ed  thermal  ene rgy .  The c o n t r i b u t i o n  to t h e  
r a d i a t i o n  i n c i d e n t  on a n  element  emi t t ed  or r e f l e c t e d  by i t s  
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f e l l o w s  i s  n e g l e c t e d ,  as i s  any  a n g u l a r  dependence o f  t h e  
a b s o r p t i o n  c o e f f i c i e n t .  
a r e  assumed un i fo rm a c r o s s  t h e  s u r f a c e ,  a s e c t i o n  o f  which i s  
i l l u s t r a t e d  i n  F i g u r e  3b i l l u m i n a t e d  from v e r t i c a l l y  above and 
obse rved  a t  a d i s t a n c e  from t h e  d i r e c t i o n  FK. 
abso rbed  and hence rad ia ted  by t h e  e lement  6 A  i s  p r o p o r t i o n a l  
t o  6 A  cos  VFN, and t h a t  r e a c h i n g  t h e  o b s e r v e r  p r o p o r t i o n a l  t o :  
Emiss ive  and a b s o r p t i v e  p r o p e r t i e s  
The t o t a l  energy  
A 
A A 
6A cos  VFN cos  NFK C J ( p , q , e , + ) l e = o  ( 3 9 )  
The t o t a l  r a d i a t i o n ,  E ,  r e a c h i n g  t h e  o b s e r v e r  from 
t h e  s u r f a c e  i s :  
mean 
p l a n e  
Averag ing  o v e r  t h e  s u r f a c e ,  d i v i d i n g  by t h e  p r o j e c t e d  a rea  and 
n o r m a l i z i n g  g i v e s  t h e  obse rved  b r i g h t n e s s ,  B A ( Q ) ,  
where 
A 1 
C O S  VFN = 2 1 / 2  (1 + p 2  + q ) 
* 
C O S  $J - q s i n  Q 
2 1 / 2  COS NFK = 
( 1 + p 2 + q )  
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and 
BA(@) c a l c u l a t e d  n u m e r i c a l l y  from e q u a t i o n  4 1  f o r  v a r i o u s  v a l u e s  
o f  s u r f a c e  rms s l o p e  w i s  shown as a f u n c t i o n  o f  @ i n  F i g u r e  5 ,  
upon which a re  super imposed  t h e  e x p e r i m e n t a l  f i n d i n g s  o f  S i n t o n  
[ 1 9 6 2 ]  for t he  b r i g h t n e s s  of  t h e  s u b s o l a r  p o i n t .  
The change o f  b r i g h t n e s s  a c r o s s  t h e  f u l l  moon d i s c  
r e q u i r e s  s l i g h t l y  d i f f e r e n t  a n a l y s i s .  I n  F i g u r e  3c an  e lement  
o f  t h e  s u r f a c e  i s  i l l u s t r a t e d ,  i l l u m i n a t e d  and  o b s e r v e d  from t h e  
same a n g l e  I+. Arguments s imilar  to t h o s e  p r e c e d i n g  e q u a t i o n  40  
l ead  to a n  e x p r e s s i o n  f o r  t h e  r ad ia t ed  ene rgy  r e a c h i n g  t h e  ob- 
s e r v e r  f rom t h e  whole s u r f a c e :  
2 A  
cos VFN 
cos NFK J ( P & l , @ , @ )  E 1) dxdy 
mean 
( 4 3 )  
p l a n e  
The a p p a r e n t  b r i g h t n e s s  o f  t h e  s u r f a c e  as a f u n c t i o n  o f  t h e  
a n g l e  o f  i n c i d e n c e  i s  j u s t :  
V a l u e s  o f  BB(@) computed from e q u a t i o n  44 are  d i s p l a y e d  i n  
F i g u r e  6 ,  compared w i t h  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  of 
I n g r a o ,  e t  a1  [1966]. 
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I n  each  c a s e  i t  i s  s e e n  t h a t  t h e o r y  e x p l a i n s  t h e  
q u a l i t a t i v e  f e a t u r e s  o f  t h e  o b s e r v a t i o n s .  The l i m b s  of  t h e  
f u l l  moon d i s c  a re  b r i g h t e r  t h a n  expec ted  f o r  a smooth s p h e r e ,  
because  t h e  c o l l e c t i o n  o f  randomly o r i e n t e d  f a c e t s  p r o v i d e s  an 
a r r a y  r a d i a t i n g  i n  t h e  d i r e c t i o n  of  t h e  o b s e r v e r  more e f f i - -  
c i e n t l y  t h a n  t h e  e q u i v a l e n t  smooth s u r f a c e .  Converse ly  t h e  
s u b s o l a r  p o i n t  i s  l e s s  b r i g h t  t h a n  e x p e c t e d ,  f o r  an  a n a l o g o u s  
r e a s o n .  
Both BA( (p) and BB($) approach  l i m i t s  as (p + 71/2: 
and 
Q u a n t i t a t i v e  agreement  o f  t h e o r y  and expe r imen t  i s  
s a t i s f a c t o r y  i n  one c a s e  b u t  less s o  i n  t h e  o t h e r .  I f  t h e  
model can  be t r u s t e d  i t  a p p e a r s  that  i n f r a - r e d  thermal b r i g h t -  
n e s s  a c r o s s  t h e  f u l l  moon d i s c  i s  a f f e c t e d  p r i m a r i l y  by t h e  
la rge  s c a l e  s t r u c t u r e  o f  r m s  s l o p e  10-20°. The model c o r r e c t l y  
p r e d i c t s  t h a t  t h e  b r i g h t n e s s  shou ld  n o t  f a l l  t o  z e r o  a t  t h e  
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l i m b ,  a f e a t u r e  o f  t h e  e x p e r i m e n t a l  r e s u l t s .  Agreement w i t h  
t h e  measurements o f  S i n t o n  C19621 i s  q u a n t i t a t i v e l y  poor ,  b u t  
to approach  them it  seems n e c e s s a r y  t o  invoke  a h i g h  d e g r e e  
o f  roughness ,  small  s c a l e  s t r u c t u r e  w i t h  60-70O r m s  s l o p e ,  to 
e x p l a i n  t h e  marked d a r k e n i n g  o f  t h e  s u b s o l a r  p o i n t  a t  t h e  
l i m b .  I t  i s  n o t  obv ious  why t h e r e  s h o u l d  b e  t h i s  d i s c r e p a n c y .  
The p o s s i b i l i t y  o f  t h e  p r e s e n c e  o f  ex t reme roughness  
s u g g e s t s  t h a t  t o  d e s c r i b e  t h e  p h y s i c a l  s i t u a t i o n  more c l o s e l y  
t h e  model s h o u l d  be  improved t o  i n c l u d e  t h e  i l l u m i n a t i o n  o f  a 
f a c e t  by r a d i a t i o n  r e f l e c t e d  and  e m i t t e d  by t h o s e  a d j a c e n t ;  as 
S i n t o n  [1962] has p o i n t e d  o u t  t h e  ' v a l l e y s '  w i l l  t h e n  be h o t -  
t e r  t h a n  t h e  ' p e a k s '  and t h e  a p p a r e n t  b r i g h t n e s s  dependent  
upon t h e  p r o p o r t i o n  o f  each  v i s i b l e .  I n  a d d i t i o n ,  a comple te  
t h e o r y  s h o u l d  take  accoun t  o f  t h e  whole r a n g e  o f  roughness  i n  
a c o h e r e n t  way ra ther  t h a n  d i v i d e  s t r u c t u r e  i n t o  two c l a s s e s ,  
t h e  one o f  m i c r o s c o p i c  s c a l e  r e s p o n s i b l e  for p r o d u c i n g  t h e  
Lamber t i an  b e h a v i o r  assumed t o  be c h a r a c t e r i s t i c  o f  t h e  o t h e r  
c o a r s e r  r e l i e f ,  a s e p a r a t i o n  made i m p l i c i t l y  i n  t h i s  p a p e r .  
1014-BGS-jdc B.  G .  Smi th  
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FIGURE 1 SECTION OF A RANDOM ROUGH SURFACE ILLUMINATED 
FROM S. 
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FIGURE 3a PART OF A RANDOM ROUGH SURFACE ILLUMINATED 
FROM S AND OBSERVED FROM K. 
FIGURE 3b PART OF A RANWM ROUGH SURFACE ILLUMINATED 
FROM VERTICALLY ABOVE AND OBSERVED FROM K. 
FIGURE 3c PART OF A RANDOM ROUGH SURFACE BOTH ILLUMINATED 
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